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Abstract

The video channel with the title “Professor M does Science” in YouTube offers a simple step-
by-step but all the same very valuable and rigorous introduction into the world of quantum physics.
This script covers the hydrogen atom and helps to digest the topic covered by a group of those videos
but is not meant as a replacement for them.

6 Interacting Particles and the Hydrogen Atom

6.1 Relative Motion of Two Interacting Quantum Particles

A particle at position r; with mass m; and a particle at position r, with mass my interact via a potential
V = V(ry — ry) that only depends on the relative position of the two particles. In quantum mechanics,
the first particle has position #; = (21,1, 21) and momentum gjl = (Px1,Py1,P>1) With the commutation
relations [£1, Pg1] = iR, [§1,Py1] = iR, [21,P21] = ik, and similarly for the second particle.

The center of mass coordinates E and the relative coordinates 7 are defined as
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and the original coordinates #; and 7, can be written as
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in terms of R and 7.
Classically, the total momentum is
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in the center of mass coordinates where M is the total mass. It is just the sum of the momenta of the
individual particles. The relative momentum is defined as
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where p is called the reduced mass.

In quantum mechanics, the total momentum operator P and the relative momentum operator p are
defined as
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as in the classical case. The individual @ ) and Q2 momenta can be written as
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in terms of E and p. The commutation relations are
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as [X,P,] = o (M ([21, Per] + [21,a2]) + ma([22, Per] + [£2,P22])) = sy (M1 ih + my k), for
example, shows.
The Hamiltonian of the system with the two particles is
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in terms of the new coordinates. The Hamiltonian becomes
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using M = my + mo and mil + n% = % Thus, the system can either be seen as a system of two real

particles with mass m; and ms or as a system of two fictitious particles with mass M and u. Because
the potential only depends on 7 the two fictitious particles do not interact, and this makes the problem
much simpler. Thus, the Hamiltonian can be separated into two non-interacting terms
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where ﬁcoM is the center of mass Hamiltonian describing the behavior of the center of mass, and ﬁrel
is the relative Hamiltonian describing the behavior of a particle that is subject to the potential energy
V(£).

The state space Wconm for the Hamiltonian H coM With the eigenvalues Econm and the eigenstates |g0>cOM
as well as the state space W, for the Hamiltonian ﬁrel with the eigenvalues E.. and the eigenstates | X>rcl
a}low to build the state space W = Wcom @ Wha for the Hamiltonian H with the eigenvalue equation
H |¢) = E |¢). The eigenvalues of H are E = Ecom + Erel and the eigenstates are |¥) = [¢)qon @ [X)
In other words, the two particle system with the Hamiltonian H can be solved by finding the solutions
for the two one particle systems with the Hamiltonians Hcon and H,yep, respectively. The eigenvalue
equation for H is
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and it follows £ = Ecom + Erel and |¥) = [©) cop @ [X) e Such that the two Hamiltonians can be solved
independently.

The Hamiltonian ﬁCOM becomes
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in position representation and has
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as the eigenvalue equation and its solution because the fictitious particle of the center of mass is a free
particle whose solutions are plane waves with a continuous spectrum of energy eigenvalues.

The Hamiltonian ﬁrcl becomes
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in position representation and has
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as the eigenvalue equation. There is no general solution because it depends on the form of the potential
V(7). However, there is a general solution in the special case where the potential only depends on their
relative distance such that V(r) = V(r) where r = |r|. This is the central potential, and the Coulomb
potential is an example.

6.2 Properties of the Hydrogen Atom

Hydrogen is the simplest of all elements as it consists of a single proton and a single electron. It makes
up in the order of 74% of all baryonic matter in the universe. It is also important because it is one of
the few quantum systems one can solve analytically. The proton has a mass m, = 1.67 - 1072" kg and
an electric charge e = g, = 1.60 - 10719 C. The electron has a mass m, = 9.11 - 1073 kg and an electric
charge —e = g = —1.60 - 10719 C. Thus, the mass ratio is m,/m. = 1833, and the situation can be
seen conceptually as an electron in the field of a proton. For other elements like He, Li, and so on the
mass ratio between nucleus and electrons is even larger, and there exist only approximate solutions (the
Born-Oppenheimer approximations) for them.

As classical particles, the position of the proton is r,, and the position of the electron is r,. The Coulomb
potential is
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where ¢ is the vacuum permittivity. As quantum particles, the potential becomes an operator
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is the non-relativistic Hamiltonian of the hydrogen atom. The hydrogen atom is a weakly relativistic
system, and there are measurable relativistic terms called fine structure and hyperfine structure but they
are ignored here.

The coordinates are replaced
(o), (PesB,) — (B, P)(2, D)

following the approach shown for the relative motion of two interacting particles with (6.1) and (6.2)
where the first particle is the proton and the second particle is the electron.



The Hamiltonian (6.7) can be written as

~2 .2
1 e? A N A P A p 1 €2
+ A T HCOM + Hrel HCOM = Hrel =

~ 2 2
P p
C2M  2u 4meg |7 2M 2 Ameg |7

H

according to (6.4) separated into a center of mass Hamiltonian and a relative Hamiltonian. The center
of mass Hamiltonian represents a free particle, and the center of mass can therefore be assumed to be
stationary without loss of generality. The interesting physics of the hydrogen atom are captured by the
relative Hamiltonian ﬁrel.

The position of the center of mass in (6.1) can be approximated as
mply, + Mele  Mpl, + mel,
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because of the large mass difference between the proton and the electron. The reduced mass p can be
approximated similarly as
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because m;, > m.. Thus, the hydrogen atom is almost equal to an electron moving about a stationary
proton.

6.3 Power Series Solution of the Hydrogen Atom

In order to solve the Hamiltonian of the hydrogen atom (6.7) it is sufficient to solve the relative Hamil-
tonian
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with the corresponding eigenvalue equation for the Hamiltonian (6.6) from now on just called H
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in the position representation with spherical coordinates. The potential is a central potential, and there-
fore results from above can be used. Because of the mass difference between a proton and an electron
this relative Hamiltonian can be interpreted approximately as describing the motion of an electron in an
electrostatic potential generated by a stationary proton.

Thus, the task is to solve the eigenvalue equation H ¥(r) = E(r). The eigenfunctions of the Hamiltonian

can be chosen to also be eigenfunctions of L and ﬁz
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because the Hamiltonian commutes with the angular momentum operators. The eigenvalue ¢ can only

take integer values ¢ = 0,1,2,3, ..., and the eigenvalue my can only take values my = —¢,—¢ +1,...,¢ in

integer steps. The common eigenfunctions ¥ (r) can be labeled by three quantum numbers k, ¢, m, as
Yem, (r) where k describes the energy spectrum for a given ¢ and my. The energy eigenvalues can be
labeled as Eyy.

The solutions of the eigenvalue equations are ¥pem,(r) = Rpe(r) Y, (0,¢) where the angular part
Y, (0, ¢) of the eigenfunctions has the spherical harmonics as its solution, and the spherical harmonics
are the same for any central potential. Thus, one part of the problem has been solved.

The other part Rye(r) of the eigenfunctions is called the radial part. This is the most interesting part
because it depends on the central potential. The eigenvalue equation is
R 1 d? 00+ 1)k? 1 e?
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and becomes with the substitution Rye(r) = Luge(r)
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where the boundary condition is ug¢(0) = 0. This equation can be interpreted as a particle in one
dimension with an energy consisting of a kinetic energy and an effective potential Veg(r). It has different
forms depending on £ but all of them approach zero asymptotically from below as r — oo.

For positive energies £ > 0 the quantum states are unbound, the energy spectrum is continuous, and
the eigenfunctions are not square integrable. For negative energies E < 0 the quantum states are bound,
the energy spectrum is discrete, and the eigenfunctions are square integrable functions that vanish as r
becomes large. The focus here is on the negative energy eigenvalues.

Two values
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where ag is called the reduced Bohr radius with units of length and FEi is called ionization energy with
units of energy are introduced to simplify notation but both values have also a physical meaning. The
differential equation becomes
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with the eigenvalue Ey, moved to the left side. Two further simplifications lead to the differential equation
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where the minus sign in Age ensures that this value is real for Fyy < 0. This simplifications use the
reduced Bohr radius as the unit of length and the ionization energy as the unit of energy.

To solve this equation the limit p — oo with the differential equation
d2
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is examined first. This is a standard second order linear homogeneous differential equation with the two
solutions uge(p) = et #¢#. Thus, the solutions in the limit of large values of p behave like exponentials.
For the full range p € [0, 00) the solution can be written as

uke(p) = € vy(p)

for some functions vge(p). The solution must behave like a decaying exponential in the limit of large
values of p, and the hope is that the mathematical side simplifies by singling the exponential out. Note
that this does not get rid of the unbound solutions despite the negative sign in the exponent.

By using the chain rule and by eliminating the common factor e~*#¢? the differential equation becomes
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with the boundary condition vj¢(0) = 0 where only the last two steps are shown. The power series with
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leads to the two derivatives

; di Z cqpt = Z(q +8)eq ptToT
P q=0 q=0
d2 d c- q+s—1 = q+s—2
o =g Zom + 8)eg et = Zom +8)(g+s—1egp
q= q=

and the differential equation can be rewritten as
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is required by the boundary condition. This result so far can be summarized as
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with A, = {(¢g+s)(¢g+s—1)— €l +1)} and B, = 2{1 — A\ye(¢+ s)}. This leads to the set of equations
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and to s = £+ 1 because Ag = 0 has the two solutions s = —¢ and s = £ + 1 but only one is consistent

with s > 0 and £ > 0. The general term with ¢; Ay + cq—1 Bq—1 = 0 gives

cgllg+s)(g+s—1) =Ll +1)]+cgo1-2[1 = Ape(g+s—1)] =0
cgllg+L+1)(g+6) =L+ 1) +2c-1[1 = Ae(g +0)] =
cqq(q+20+1) +2c4-1(1 = Mg+ 0)) =0

and the ratio

Cq Q(Akg(q + e) — 1)

= 0 6.10
cg-1 qlg+20+1) ¢ 7 (6.10)
using s =4+ 1.
The function vge(p) with the limit
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has the same limit for ¢ — oo, and comparing
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shows that the difference is just the exponents g + s versus ¢, and this becomes irrelevant when taking
the limit ¢ — oo. This means that vie(p) ~ e? ¢4 for high-order terms in the expansion if the series is
infinite. However, this is a problem because the exponent 2 Ay q is positive and the exponential function
becomes increasingly large for large values p. Thus, the physically relevant solutions for vge(p) must
correspond to power series with a finite number of terms.

Therefore, there must be a ¢ = k such that ¢, = 0 and it follows from (6.10) that ¢, = 0 for all ¢ > k. It
follows further
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and thus also &k = 1,2,3,4,... because of £ = 0,1,2,3,... and ¢y # 0. This also means that the energy
eigenvalues of the bound states of the hydrogen atom
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are quantized.
Inserting this result into the ratio (6.10) gives iteratively
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for the coefficient ¢, expressed in terms of ¢o. Finally, ¢y has to be determined through normalization,
and the radial eigenfunctions Ry, can be determined from wugy and vge.

6.4 The Quantum Virial Theorem

The virial theorem encodes a simple relation between kinetic and potential energy of any quantum system.
It holds even for quantum systems where no exact solution is available

A time independent Hamiltonian with the eigenvalue equation H [¥n) = Ey, |1,) has the dual eigenvalue
equation (i, | H=E, (1| because the Hamiltonian is a Hermitian operator and the eigenvalue is real
such that no adjoint and complex conjugate is needed. For a time independent operator A the expectation
value of the commutator of the Hamitonian and A is therefore

Ey, (Y] En [¢n)
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with respect to an eigenstate of the system. This result is called the hypervirial theorem.



The Hamiltonian of a single particle moving in one direction is
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where the kinetic energy operator is called T and the potential energy operator is called V without
specifying the dependence on the position operator z. Selecting A = Zp the commutator in the hypervirial

theorem becomes [H, &p| = &[H, p] + [H, #]p using [A, BC] = [A, B]C + B[A, C]. With
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the commutator [H,2p] becomes
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where [¢,,) is an energy eigenstate. This is usually written as (ZV'(Z)) = 2 (T') where one has to remember
that these expectation values are calculated with respect to the energy eigenstates of the system.

The virial theorem provides a very general relationship between the expectation values of potential and
kinetic energies without the need to explicitly evaluate them. Calculations of expectation values can be
tedious because they may require the evaluation of long integrals. Most quantum systems cannot be
solved analytically such that one has to work with approximate solutions.

There is also a virial theorem in the form 2(T) = (z9L) = — (zF) in classical mechanics using the fact

that the derivative of the potential energy is the negative force. (This is the reason for the name of the
virial theorem because the Latin word for force is vis.) Here the expectation value in quantum mechanics
corresponds to the time average.

The virial theorem takes a rather simple form for the special class of potentials described by homogeneous
functions of degree k. These functions have the property f(sz) = s* f(x) where s # 0 is a scalar. An
example is f(z) = Az? because f(sz) = A(sx)? = s?(\x?) = s2f(x). Due to Euler’s theorem

f(s2) = s* f() = Ef) =D
following from
df (s2) = df d(szx) . df
ds d(sx) ds d(sx) " daf = kst Lf(x)
s f(@) = kst () e

for the case s = 1. If the potential energy is described by a homogeneous function obeying therefore
V(s#) = s*V(2) then kV (%) = 2V'(2) according to Euler’s theorem. Inserting this into the virial
theorem gives

k (V) = 2(T) (6.13)

for homogeneous potentials. Because of (H) = (¢, |H|p,) = E,, = (T') + (V) either (T') can be expressed

in terms of (V) or vice versa using (6.13). The result is
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and there are many potential that are described by homogeneous functions. Two important examples
are the quantum harmonic oscillator and the hydrogen atom.

The quantum harmonic oscillator has the Hamiltonian

where the potential is a homogeneous function with & = 2. Therefore, the relation
(V) =(T)
follows from the virial theorem (6.13) without the need for an analytical solution of the harmonic oscillator.

There is an analytical solution for the harmonic oscillator such that this equality can be checked but there
are many quantum problems where there is none and where the virial theorem is extremely useful.

Although the discussion so far has been limited to a single particle moving in one dimension, the virial
theorem can be generalized to systems with multiple particles in three dimensions. Given a system of N
particles with position #, = (&;, 9, 2;), momenta @l = (Pui, Pyi>» D»:) and masses m; for ¢ =1,2,..., N the
Hamiltonian

Npe
Z —i +Vr1,r2,...,ﬁN):T+V

can be split similarly to the case in one dimension into T and V where T is the sum of all kinetic terms
and V' is the potential V (7, ,,...,75). The virial theorem becomes

<Zm ViV (Fy, 7, ...,fN)> = 2(T) (6.14)

i=1
in this generalized case.

Also here play homogeneous functions an important role. Homogeneous functions of degree k with n
variables have the property f(sz1,sz2,...,52,) = s* f(21, 22, ...,2,) where s # 0 is a scalar. Euler’s
theorem becomes

N, 0f
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and
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is the virial theorem for a system with multiple particles in three dimensions with a homogeneous function
as the potential.

The potential energy of the hydrogen atom is given by the electrostatic interaction V'(7,,7,) between a
proton and an electron and can be written in the form

1 e?
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in terms of six variables. This is a homogeneous function V(s#,,s7,) = s~' V(¢,,7.) with k = —1 such
that (V) = —2(T") according to (6.15). For any atom, molecule, or other material the potential energy

of a two-body system always has the form of the electrostatic interaction
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between any two particles irrespective of how complex the system is. (The quantity ¢; g2 is the product
of the two charges.) The two-body interaction obeys the relation V(sf;,s75) = s 1V (£, 7,) such that
the virial theorem (6.15) leads to (V) = —2(T") as for the hydrogen atom. This is a very general result
because most quantum systems with multiple particles other than the hydrogen atom does not have an
analytical solution.



6.5 Eigenvalues and Eigenfunctions of the Hydrogen Atom

The relative motion of the hydrogen atom consisting of a proton and an electron is

FPAPUE SN SR SN SN S
el T oy 4meg |7 poomy, o me = my + me P

1=
I
=
\
1=
o

according to (6.8). The relative Hamiltonian is
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] EVQ 1 i
2 471'6() r

in position representation where the potential is a central potential. (In the following H is used instead
of H.q to simplify notation.) The eigenvalue equation for the Hamiltonian is
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together with the eigenvalue equations for LQ and L, where the possible values for ¢ and my are ¢ =
0,1,2,...and my = —¢,—¢+1,....,£ — 1,£. The eigenvalue equation for the Hamiltonian becomes
H Ypotm, (1) = Ege Yo, (1) (6.16)

where the eigenfunctions and eigenvalues are labeled with the appropriate quantum numbers. For every
combination of the orbital quantum numbers ¢ and m, there is a spectrum of energy eigenfunctions
labeled by the additional quantum number k. The energy eigenvalues Ej, do not depend on m, as can
be shown for any central potential. The eigenfunction 9em, () is given as a product of a radial part and
an angular part

Vrem, (1) = Rie(r) Y, (9, ) (6.17)

where the angular functions are the spherical harmonics applicable to any central potential and the radial
functions depend on the form of the radial potential.

The development of the radial functions follows the path
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started in the discussion of the power series solution for the hydrogen atom. Here the functions Rye(r)
are determined completely. The topic is the non-relativistic hydrogen atom leaving things such as spin,
fine structure or hyperfine structure aside.

In a first step c¢g has to be determined by normalization

/ dr [rem (D) = 1
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but the radial and the angular part can be normalized separately
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as can be shown for any central potential. The spherical harmonics are already normalized. In order to
normalize the radial function the simpler integral

/ dr Juge(r)> = 1
0

The energy eigenvalues are negative for bound states and the formula for them

can be used.
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according to (6.11) can be simplified by introducing n = k+ ¢. Because of ¢ =0,1,2,... and k = 1,2,3, ...
the values for n must be positive integer values. In the ground state n = 1 there is only one possibility
k=1 and ¢ = 0, but for the first excited state n = 2 there are two possibilities k =2 and f =0or k=1
and ¢ = 1. This means that one can either label the eigenfunctions ¥yem,(r) with the quantum number
k or ¥nem, (r) with the quantum number n. The second option is the most common.

The ground state energy F; is minus the ionization energy Fp and can therefore be written as
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explicitly. The eigenfunction of the ground state has a single term ¢y in the power series expansion
according to (6.18). Thus, vig = ¢gp because k = 1 and ¢ = 0. Going back in the various substitution
steps gives

u10(p) = co pe NP =cqpe P uyo(r) = coie_T/ao
ao

because A1p = 1. The result for normalization becomes

o0
|Co| 2 _9 |Co‘ 2! 2 Qg 2
1:/ dr |uge(r 2 drr r/ao — = = |eo|” — = o= —
o " > @/ay

using

oo I
dozP e 0% =
0 aptl

with p =2 and o = 2/ag. Thus, the ground state eigenfunction is
r) 2 2 1
U0\T) =
Vvad vag Vmad

and has the quantum numbers k£ = 1, £ = 0, my = 0 or, equally, the quantum numbers n = 1, ¢{ = 0,
my — 0.

re /e = Rio(r) = e7r/ = Y100(r) = /a0

e

The first excited state with n = 2 has the eigenvalue Fy = —Fj/4 and the two possibilities k = 2, £ =0
or k =1 and ¢ = 1. The power series solution for k£ = 2, £ = 0 has the two non-zero coefficients ¢y and
c1 = —cp/2 using (6.18). This gives

1 1,\ _ U
U20(P)=Cop+0102=00<,0—02> U20(P)=Co<ﬂ—202>6 o/2 U20(T):Co<—>€ /a0

2 ap  2a}

with the normalization

) /Ood | | | / d —r/ao 7"3 —r/ag + 7’4 —r/ag 2 ‘ |2 1
= T C T — —€ —F€ = z2Qaqp|C = Cp=
0 20 0 (18 4(1% 0[C0 0 \/M
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using the same integral as above to determine ¢y. The result for this case is

1
u0lr) = e

and the full eigenfunction

r r2 1 T
L —r/2ag R - (1= —r/2ag
(ao 2a(2)> ¢ 20(7) V/2a3 ( 2a0> ¢

becomes

1 r
_ 1— —r/2ag
a00(7) Snal < 2a0> e

for the (k, ¢, my) and the (n, £, my) notation.

The power series solution

for K = 1, £ = 1 for the first excited state, on the other hand, has only one

non-zero coefficient ¢y. Thus, one gets

2
- reo_
’l)ll(p) = Cy p2 Ull(ﬂ) =y er p/2 U11(7”) = ¢ ?e r/2ag
0
and normalization gives ¢y through
1= /OO dr |ugy (r)|* = |CO4|2 Oodr e /% = 24a4|co|? = co = L
0 g Jo V24ag

again with the same general integral. Undoing the substitutions gives

U11(7") =

2
1 Le—r/2a0 Rll(r) _ 1 Le—r/2a0

V24ag af V/24a} ao

and the three possible eigenfunction in (k, ¢, m;) notation become

1 " —r/2a0 —i :
Yr1-1(r) = 8m;06 /2a0 6= gin o9
1 T
Y11o(r) = — /2% g9
10(z) 41/2mad ao
1 .
Pii(r) = I e=r/2a0 i gin

78\/7ra3 ao

because my = —1,0,1 for £ = 1. In the (n, ¢, m;) notation they are labeled as 121_1(r), ¥210(r), ¥211(r).

To summarize, the ground state with £y} = —Ep and the first excited state with Es = —E7/4 have

2 1 1
1,0,0) : = Rio(r) - YL (0,p) = /e — = —r/ao
( ) ¢100(£) 10(T) 0 ( (10) a%e \/ZG \/7?36
1 r
2,0,0) : =R YO0, ) = 1— — ) e /200
( ) ) 7/’200@) QO(T) 0 ( SD) \/871’70,8 < 20;0) €
1 r .
2,1,-1) : _1(r) = Ror(r) - Y710, ) = —e /2% ¥ gin Y 6.19
( ) ¢21 1(7) 21( ) 1 ( (p) 8\/7??)@0 ( )
(21,0 niolt) = Rar(r) - ¥{(0,0) = — e/ cos
o - = oma a0
1 r .
2,1,1): =R .Yl 19, — 1 —r/2a0 Lip o 9
(2,1,1) a11(1) 21(r) - Y7 (9, 0) &/ﬂTL%aoe €' sin
in the (n, ¢, m¢) notation. The next excited state with eigenvalue F3 = —F1/9 has the nine eigenfunctions
n=3/0=0: ¥300(1)
n=3/¢=1: VY31-1(1), ¥310(7), ¥311(7)
n=3/0=2: V32-2(1), ¥32—1(1), ¥320(r), ¥321(1), P322(r)

without the explicit functions. The radial parts of the eigenfunctions for the ground state and the first
excited state are shown in figure 1. The graph of Rio(r) for the ground state is given in (a), and the
graphs of Roo(r) and Ray(r) for the first excited state in (b) and (c), respectively. The first excited state
is fourfold degenerate, and the second excited state is ninefold degenerate.
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Rio(r) Ro(r) Rz1(n)

r

| N itn——: r

(a) (b) (c)

Figure 1: The radial part of the eigenfunctions Ry (r), Rzo(r) and Ra(r)

6.6 Groundstate of the Hydrogen Atom

The relative Hamiltonian according to (6.8) is

9

N p 1 e2 N

A=t _ - ° H P, () = B g, (1
24 dre, ‘ﬂ (" e(f) () e(r)

with its eigenvalue equation. In order to determine the ground state energy, the energy eigenvalue can
be expressed as

E e\’
En= 5= 51 (102
in terms of the ionization energy (6.9). This gives
9 N\ 2
Bi=-br= # (476750)
for the ground state energy. The reduced mass u is
o= % —9.104-10"3 kg m, = 1.673 10" kg me = 9.109 - 103 kg

where m), is the proton mass and m, the electron mass, and the ground state energy becomes
Ei=—F;=-2176-10718J = —13.6eV  e=1.602-10719C ¢y =28.854-10"2m 3kg 's? AZ

given e, g9, h = 1.055-1073* Js and 1eV = 1.602 - 10~ '? J. The negative sign shows that this is a bound
state. Thus, the energy Fr = 13.6eV is needed to unbind the electron from the hydrogen atom in its
ground state, and this is called the ionization energy.

The ground state wave function is
Ynem, (1) = Bne(r) Y, (9, @)

according to (6.17) for n = 1,¢ = 0,m; = 0 where the functions Y,"* are the spherical harmonics and the
functions R, are called the radial part. This gives

e L 1

2
L e
a; Viar  \/mad

as shown in (6.19). The radial part is depicted in figure 1 (a), and Y (4, o) is simply a constant. Thus,
the ground state wave function of the hydrogen atom takes its maximal value at the origin of the potential
and then decays away from the origin in an isotropic manner.

—r/ao

Y100(r) = Rio(r) - Y3 (9, ) =

The next question is what is the probability P(r)dr of finding the electron around r within the volume
element dr. This probability is
1

1
—36_2”“0 dr = —36_2”“0 2 dr sin(0) do dy

2
P(r) dr = [uo(n)l* dr = [Ruo ()" Y5 (0. 0| dr = 5 m—
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using dr = r2 dr sin(9) di dy in spherical coordinates. Because the ground state wave function is isotropic
one can ignore the angular part and only look at the radial part by asking what the probability p(r)dr
is of finding the electron in the interval (r,r + dr). It is

T 27
p(r)dr = |Ryp (7")|2 r? dr/ sin(¥) d19/ |Y00 (9, ) ‘2 dp = |R10(7ﬂ)|2 r2 dr
0 0

because

T 27 T 27
/ sin(¥) d19/ ‘Yoo(ﬁ, @)’2 dp = i/ sin(¥) dﬁ/ dp =1
0 0 4 Jo 0

for the angular part. Inserting R1o(r) gives

4 —ar/a
p(r) = [Rio(r)[*r? = 57‘26 2r/ao
0

for the probability density p(r).

The graph on the right side shows the probability density p(r) for the ground
state. Compared to the radial part of the wave function of the ground state
shown in figure 1 (a), it does not have the maximum at the origin but some
distance away from the origin due to the term r2. In order to determine the
position of the maximum, the derivative dp(r)/dr can be set to zero giving r

d (4 8
el (3 7"2 6—27’/(10) =— e—2r/a0 (1 _ T) -0 = r = ag
dr \ ag ag ag

such that the most likely distance of the electron from the proton is the reduced Bohr radius ag introduced
in (6.9). It therefore describes the typical size of the hydrogen atom. The numerical value of the reduced
Bohr radius is ag = 5.3-107*' m = 0.53 A calculated using the values for j, e, o and /4 presented above.

As a last property of the hydrogen atom the separated contributions of the kinetic and the potential
energy to the energy of the ground state are calculated. The relative Hamiltonian from (6.8) can be
written as H =T 4 V. This means

<I?> = <1/A)100|I;[A|¢100> = (Y100|E1|Y100) = E1 = _EI} Y4 () = By
(H) =(T) + (V)

in terms of the expectation values. The expectation value (V') is

e? e? 1 e?
¢100> = lneg <¢100 ¢100> __47r50<|f|> = “Ircom
using

1 ™ 2m o) 5 A 1! 1 0 p'
— )= in(¥) dd d 2d - - _ = do P e~ %% —
<|f|> /0 sin (1)) /0 SD_/O = dr |[100(r)]”) ad (2 )2 ” /0 zaPe pra=:

ao

1 €2

1
7|

W) = <w

and t199(r) from (6.19). Rearranging Fy using ag both from (6.9)

2\ 2 2 2 2 2
TEQ 8meg \4megh 8meg 8megag 2
shows that (V) = —2 Fy. This leads to (T) = (H) — (V) = —E; — (—2 E;) = E; Thus, the magnitude
of the potential energy contribution to the total energy is twice as large as the contribution from the
kinetic energy for the ground state of the hydrogen atom because (V) = -2 (T} This is an example of
the quantum virial theorem introduced above. This result is not only valid for the ground state of the

hydrogen atom but also for any excited state.
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6.7 Energy Spectrum of the Hydrogen Atom

The relative Hamiltonian of the hydrogen atom is

3

A2
ﬂ_ _£2 1 i ﬂ_ _ h2 2 1 62
2 Adweg |7

ﬂ dmeg T

in momentum representation (6.8) and in position representation with flwumz (r) = Exe¢ Yrkom, (1) as the
energy eigenvalue equation (6.16). The quantum numbers are k = 1,2, 3, ... which is directly associated
with the Hamiltonian eigenvalues and ¢ = 0,1,2,... as well as my = —¢,—¢ + 1,....£ — 1, which are
associated with the angular momentum. Because Ej, is independent of my it is at least (2¢ + 1)-fold
degenerate. The degeneracy g, = 2¢ + 1 is a direct consequence of the rotational invariance.

There are more degeneracies because the values Eyy only depend on the sum k + ¢ according to (6.11)
such that Ey ¢, = Ej,e, for k1 + 41 = ko 4 l5. Classically this symmetry is present in any potential that
arises from an inverse square law such as Coulomb’s law of electrostatics and Newton’s law of gravity.
All these potentials conserve what is called the Runge-Lenz vector. There is a corresponding quantity in
quantum mechanics that leads to this additional symmetry. Introducing a new label n as above gives

Ex n=k4t Ex
Euy=——=3 = E,=—
ke &+ 0)2 )
where n = 1,2,3,... because k = 1,2,3,... and £ = 0,1,2,.... For a given n the quantum number ¢ can

take values £ =0,1,...,n — 1, and

Iyﬁ%&ng::l%1¢nhng

is the corresponding energy eigenvalue equation.
The degeneracy of E, is of gy = 2¢ + 1 for each possible value of m, giving

n—1 n—1

Gn=D ge=> (2+1)=n’

£=0 £=0

because £ can take any of the n values 0, ...,n — 1. Taking spin into account then the degeneracy doubles.
(Note that this is the non-relativistic hydrogen atom.)

Since the three quantum numbers (n, ¢, m,) are important they have been named. The quantum number
n is called principal quantum number, £ is called azimuthal quantum number, and my is called magnetic
quantum number. The last name comes from the fact the energy eigenvalues are degenerate in my, unless
there is a magnetic field.

=

gt —fg—p—4g

n=2+ —2s —2p
n=4 E,z-09eV 1=0,1,2,3
n=3 E,=-15eV 1=0,1,2
n=2 E,z-34eV I=0,1
n=1 E z-13.6eV I=0

n=11+ —Is

=0 =1 =2 3.
Figure 2: The first four energy eigenvalues of the hydrogen atom
The first four energy eigenvalues of the hydrogen atom are shown in figure 2 with the principal quantum

number n and the possible azimuthal quantum numbers ¢. All energy eigenvalues are negative because
they correspond to bound states. All states associated with a given principal quantum number n form
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an atomic shell n. All states in a given atomic shell have one or more atomic subshells ¢. These subshells
are depicted in this figure in form of a horizontal line. The nomenclature of atomic shells and subshells
from spectroscopy is widely used also for other atoms in physics and chemistry .

Any atom in an excited energy state can transition to a lower energy state by emitting a photon. These
photons are detected in spectroscopy and interpreted. The spectroscopic notation was introduced before
quantum mechanics has been developed. The ¢ = 0 states are denoted by the letter s coming from the
word “sharp” to describe the observed spectral lines, the £ = 1 states are denoted by the letter p coming
from the word “principal”, the £ = 2 states are denoted by the letter d from “diffuse”, the ¢ = 3 states
are denoted by the letter f from “fundamental”, and all the following ¢ states are denoted alphabetically
starting from g. Thus, the horizontal lines in figure 2 are labeled accordingly. The ¢ = 0 state is 1s for
n =1, 1is 2s for n = 2 and so on, the ¢ = 1 state is 2p for n = 2 and 3p for n = 3 because there is no
¢ =1 state for n = 1, and so on.
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